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Outlines:

<+ Poiseuille’s equation for flow of liquid through a tube.



15.14 P,OISE\UILLE'S EQUATION FOR LIQUID-FLOW THROUGH A NARROW
\/./'TUBE._ — .

In deducing an expression for the rate of flow of a liquid through a narrow tube, Poiseuille made
the l'a»llt)\x'jllxg assumptions:
\ J;’ [ ﬂu lignid-flow is Steady or streamling, with the streamlines paralle! to the axis of the tube.
iy Since there is no vadial flov. the pressure, in accordance with Bernoullis theorem, is con-
stant over any given cross-section of the e,
/) . .
X I}L}/ The liquid in contact with the wally of the tube is stationary:
All these assumptions are found to be quite valid if the tube be narrow and velocity of liquid-
flow teally small,
Remembering further that a liquid yields to the smallest shearing stress and taking the tube

o be horizontal to clinvinate the effeet of gravity on the liquid-flow, we may proceed to deduce
Poiseuille's equation as follows:




Let n hiquid of cocfficient of viscosity n be flowing through a narrow haorizontal tube of rarelivex
r and fengr’: £ and swhen the condilions become steady, let the velocity of flow at all Pownts an m—.

imaginary, coaxial cylindrical shell of the liguid. of radius x. be v (Fig. 15.13) and, therefore, the
velocity sradicent, adhv/dfx.
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‘Fig. 15.13°

Since the velocity of the liquid in contact with the walls of the tube is —erv and goes on increasing
as the axis is approached. where it is the maximum. it is clear thart the liguid laver just inside the
imaginary shell is moving faster, and the one just outside i1, slower, than it. S¢ that, in accoerdance
with Newron s law of viscors flow . the backpronnd dragsing foree o the nragizian: ligrid shell is
given by F = nddh/edy = Zraxinaghv/dx, where A4 1s the swurface arca of the shell. equal to 2/,

And. if the pressure difference across the owo ends of the wube be £, tho force orr the Figreid shell,
acceloraring it forwards = P < e, where 7y is the area of cross-section of the shell.

For the liguid-flow 1o be steady, therefore, we must have dniving force cqual to backward

dragging force, i.e., 7 < ox- — —2mnxin cdh7dx, the —ve sign of the drapgyring force indicating that it acts
in o direction opposite 1o that of the driving force. ‘e. therefore. have
e — — Prxtds | Pxdx | L s s =
2min 2n? " ich, on 1nicgration. EIves
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where €, is a constant of integration. Fop e
i =r.v= ' eD=— - e I
Since at ¥ = r_ 1 O. we have D 4“’+C,.Or. , anT-
=3 velocity of flow at distance x from the axis of the tube, fe |
R Px= 2 _ P 2 —2)
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which, incidentally shows at one that the profile or the velocity distribution curve of the advancing
liquid is a parahola [13s shown in Fig.15.1(£#)). the velocity increasing from zero at the walls of the
tube 10 8 maximum aft its axis.

Now, if we imagine another coaxial cylindrical shell of the liquid. of radius x + v, enclosing the
shell af radius x, the cross-scctional area benween the two is clcarly 2reydy and, therefore, volume of
the liguid fowing per second through this area is, say, dQ = Zroxddoy. >

Imasrining the whole of the liquid inside the tube to consists of such ceaxial cylindrical shells,
the= valume of the ligquid Aowing Lthrough all of them per second ie., the rare of _fiow throush the
risbe. as a whole say, O, is obtainced by integrating the expression for dQ betnween the limits x= O and

x = r. We thus have mate of liguid flow through the narrow tubge, fe.,
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