O Digital Signal Processing
O Module 2_Part 1
O Processing of Discrete Time Signals
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1. Representation of discrete time signals

There are three ways to represent discrete

time signals.

1) Functional Representation

4 for n=1_3
x{n)y= -2 for n =2

0 elsewhere

2) Tabular method of representation
n 3 2 < 0 1 2 3
x(n) 0 0 ) 0 4 2 4

4 3
0 0



X(n)=£{0_.4_-2_4_0_.____.1°

n—=0)

3) Sequence Representation

4) Graphical represéﬁﬂ*g)lon
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b)) = = ) h(-k)
p=9

= k(@ h(@)+ « (- +
(2 h(-2)

= Ixat2x+@ro = 4



([Ohen m= 1
y(1) = 2 4 h(1-4)

b =0

= 2 (o)a(L)+ 2(D) h(0)+ x(2) h(=1)
+ A1 (3)h(-2)

= [ Y- L ax2 + 3%/
= 5

[/d//w,'n 14 ==

Yy()= 1
Llen n=3
;( ?93 - -

C)Lcmn n= 6
3&.’) —







5.22  Find the convolution of two finite duration Sequences

' [1, —-1<n<l1 {l, —1<n<]
- n) =

~ and h(n)=
0, otherwise 0, otherwise

Solution The convolution of two finite duration sequences is given by

o0 oc

ymy= Y x(K)h(n—k) or ym)= ) x(n—k)h

k=—o00 k=—00

Step 1 Plot the given sequence, as shown in Fig. E5.22(a).
Step 2 To find the convolution sum y(n)
When n=0

o0

y(0)= Y x(k)h(=k)

k=—-00
= ... +x(-1) A (1) +x(0) h (0) +x(1) A (=1) -
=0+ D)+ ) D)+ (1) ({1)+0... =3
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i T h(n)
- f 1 e |
n LR
I R - | |
I |
.-E‘ -1 0 1 2 __“__‘:h ‘-:_;“““‘-J\Ll
Fig E5.22(a) N 0 1 5““‘*** :
when 77
.1‘(]): Z -‘.(k)h (l__’\.)
k=—oco
= .. Fx(-D) h(2) +x(0),h (1) + x(1) & 0)+ ..
When n=2
Y@= 37 x(K)Yh2—k)
k=—o0 _
=... +x(—1)h(3')+x(0)13.(z)+;‘(1),,(1)_&___}_
=0+ M+0..=1 |
When n=3 |
W)= > x(k)h (3—k) =0
“'hf:ﬂ n=-1
y(—=1)= i x(k)h(—=1=K)

k=-—o0
=...+x(—1)h(1)+.r(0)h(—1)'+x(l)h(—2)+...
=0+(l)(1)+(1)(1)+0...=2

\VhL'n ’12“2
»W(—-2)= i x(kK)Yh(—=2—k)

e —-3)+ ...
=...+-x(—1)h(—1)+x(0)h(—2)+x(1)h( )
=0+ (1)(1)+0:.. =]

e



’ 208 0 pigal = (1) 18 [Sce Fig. E5.22(b)]

n=3
0. n == =3 and

= 2

vin) -
)= 1.7

— =
1'(’:) = 2‘ n= —l

y(my=3.n=0 .
! )n;'twl\'cd signal, the left extreme and the right EXtreme
L_Or ( 1€ cc

~ote: | eft and right extremes of the two sequences 1o be conth,ed- ﬂnbefh
using the 1€10 ¢ A Y i, A

A Q/ 2
J L
w\\Q’ F O wlefd B 1 i3 W n
@}" Fig. E5.22(b)
y; = xf+ hf
yr = xr + ]!.l'
where x,, i,and y, are the left extremes of the signals x, 4 and y respectively. g;, .
v_are the right extremes of the signals x, 4 and y respectively, " Ml

Al te (Graphical) Method
e —
The given problem can be solved by using the graphical method as showy ;
oo n
Fig. E5.22(c). We know that y(n) = > x(k)h(n—k)

k=—o00
When n=0,y(0)= Z Yo (k) = i x(k)h (k) =3
k=—o00 k=—oo
When n=Ly()= > ywk)= > x(K)h(l—k)=2
k=—00 k=—00
When n=2,p2)= > y,(k)= i x(Kh(2—k)=1
k=—oo k=—o00
When 27=3,,3)= > y,(k) = D x(k)h(B3—k)=0
k=—co k=—co .
When "=-—l,y(—l)=kz y_ (k)= i x(KYh(—1—k)=2
=—00 k=—oc s
When  m=-2y-2)= 3 ) )= 3> xW) h(—2—k)=1
k=—oc k=—00
when "=_h3'y(__3)= Z }’._3(k)= i x(k)h(—-B—k):o

k=—o0 k=—o00

result*
'es are plotted in Fig. ES.22(c), we find that the
in Fig. ES.22(b). .-

. W_hen these sequence valu
identical to the result shown
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=k 8 9 K
=0
hen 7=
W A h(-K)
| X(K) h(-k)
? 1
JL |
_._-—-.'-_‘ 1
; Ofldh ) ik K
h(-K) <= fold h(K) Product Sequence,
Yo(K)=x (K) h(-k)
whenn = 1
A h(1-K)

A x(K) h (-K)

|
10 % o
| 1“
|
- > _—
01 2 K 1.0 1 2 ©

h(1-K) < shift h(-K) - Product Sequence,
to right by one unit YA(K)=x(K)h(1 -K)

Whenn=2 ‘
A h(2-K) A x(K) h(2-K)
Horogy | 11
] |
--.-_;_L-_LL,_*__,__* ECEEOE 3 S
0123405 K 101 2 K

h-K) « shift h(1-K)

Product Sequence,
to right by one unit

Y2(K) =x (K)h(2-K)

When n = 3
T h(3-K) x(K) h(3-K)
ni S
B "".“—‘-—l—-— : s SR e G &
0 1 2 3 45 K -2 -1 0 1 2 K
’7(3—K) = shift h(2—-K) Product Sequence,

1o right by one unit Y3(K) =x (K)h(3-K)
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when n= -1 Lf?("1"m x(K‘) h{‘-‘].._ -
s ¥ 33 T I )
L]
r': |
I N E—
_?3_:?":13 o 1—_’}'{ -2-1 0 1
h(~1-K) shift h &= (-K) Product Sequencg
to left by one unit Y1 (K) =x(K) h(~1 ‘K]
When n= -2
A h(-2-K) A x(K) h(_g__,q
1 [ A
—4-3—2 1 0 1 —32—10*{‘"'““’;
h(-2-K) shift h < (-1-K) Product Sequence,
to left by one unit Y2 (K) = x(K) h(_hg__K)
When n=-3
A h-3-K) C A(K) h-3-K)

. - 1 .

. I - J *—e — * - . - . E
—43—21012K 2-101 2 K
h(-3-K) shift h &= (-2-K) Product Sequence,

to left by one unit Y_3 (K) = x(K) h(-3-K)
A y(n)
T 3
5
I I |
-3 -2 -1 o 1 2 3 .

Fig. E6.3(c) Graphical Method



e

mple 5.25 Compute the convolusiop Y(n) =X(n) x h
/*h (n)

3 of the signals
o= {11011, R grals
: 1 _@dﬁ(.”):{ ,5.2,_3’4}
gplutio™ The sequences of the given two signals are plotted in Fig, E 5 25(a)
A x(n) "
1 4

+ 1
/,LI—J I I cud T = -1 y e | .
_— ——— "
2 n >

Fig. E5.25(a)

From the graph,
x,=—2,xr=2, hf=—'3’ hr=0

Hence the left and right extremes of the convoluted signal y(n) are calculated as
y,=x,+h=-2+(-3)=-5
y=x+h=2+0=2
The tonvolution signal y(n) is given as

y(n) = i h(k)x(n—k)
k=—o00

When n= 0

¥(0) = i hk) x (—) |
k=—o0
= +0+x(_.2);,(2)+x(-1)h(1)+x(0)h(0)+x(1)

h(-D)+x(Qh(ED+0+. -




— e —
, process! SR
T N @+ E3)+ () (= <
306 2 D" {‘.l”“n-n-{l”ll‘n"‘( I )(2)+0
5
— I =
W = 3 EIXA—FK)

L ™~

 p (=2 B (3) (1) () + x(0) A (1) +x(1);,(0)

—_ .

+x2h D)+

—0+ (O + MO+ @O+ (D) + (1) (-3)+94
teex)
When n=2

w(2) = Z h(K)x(2—K)

k=—o0
= ...+ x(=2) h (D) +x(=1) h (3) +x(0) & (2) +x(1) & (
+x(2)h (O)+...
=0+ (1) (0)+ (1) (0) +(0) (0)""(1)(4)""(1)(0)"1-...:4
When n=-1

y(—D= > hk)x(—1—k)

k=—oc0o

=...+x(=2) h (1) +x(—1) A (0) +x(0) A (—1) +x(1) h (-2
+x(2)h(—3)+. ..

=0+(1)O)+(M)@D+O)E)+)2)+ (D (D
+0+...=3

When n=-2
y=2)= > h(k)x(—2—k)
k=—oc

=...+x(=2) h (0) +x(—1) h (—1) + x(0) h (-2) +

x(Dh(3)+x(Qh (—4)+. ..

=0+ (1) (@) + (1) (=3) + (0) (=2) + (1) (1) + (1) (0)
+0...=2

Y=3)= 37 hk)x(—3—k)
k=—oc
= FXC2) h (-1) + x(—1) b (=2) + x(0) h (D) F
x(1) h (—4) + x(2) h (—5) + . . .

=0H M E3H+ () (=2) + (0) (1) + (1) (0) + (D) (@
+0_,-=-—5



U
near Time Invariang Systems

? y(n)

L't
. i |
-6 -5 I i )
e
-1
. -5
Fig. E5.25(b)
n=—4
y(—4)= > h(k)x(—4—k)
k=—00
=...+x(=2)h (=2)+x(-1) h (-3) +x(0) h (-4) +
x(1) h (=5)+x(2) h (—6)+. ..
=0+ (1) (=2) + (1) (1) +(0) (0) + (1) (0) + (1) (0)
+L0+...=-1
n=-5
y(=5)= S hk)x(=5—k)
s e e R LI

x(1) h (- 6)+x(2)h D+-..-.
—0+)(1)+0+...=1
" sequence values are plotted in F ig. E5.25(b).
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. 7.7.5 Cross Correlation of Discrete-time Signals (GTU, Gujrat, Sem. Exam., 2009.19)

The cross correlation of two discrete-time signals is a measure of similarity between thep We
will define the cross correlation for energy and power discrete-time signals.

7.7.6 Cross Correlation of Discrete-time Energy Signals

Definition .
Let x; and X, (n) denote a pair of real valued discrete-time energy signals. Then the cross

correlation functiox\l—m?sycln air 1s defined as under:
' N
Ryp(k) = 2, %i(n).x; (n-k) | (.70

NnN=—ce

The second cross correlation function of %, (n) and x, (n) is defined as under:

L==)

Ry () = 2 ¥(n-k)xp(n) A1)

Nn=—oo

ToTomessrwow ALIILG YALUG,

7.25. Obtain the cross correlation of the following sequences.

x; () =12, 3,4] and x, (n) =1, 2, 3]
T T

Wﬁre are two methods of solving this example. There are
" Direct computation method

.2 Graphical method
Method I: Direct computation method

The cross correlation is defined as under:

(-]

R, = X ¥1Wxh-k

N=-mom

]I.
|

i? oduct term X; (n) Xy (n — k) will be non-zero only for these values of n.

Now, let us obtain-the values of R, (k) for different values of k. Since, x, (n) exists from n = 0 ton = 2, the

j

| 9 :
J Therefo1-e,R12 (k) = le (n)xg (n-k) :)) \4 5

,l B n=_0 & -
| -
i L R12 {k) fﬂr k=- 3. f’\> V

Let ys arbitrarily start at k = - 3.

e

Theref . -
ore,R (- 3) = Z x; (n) x5 (n +3)
' n=0

= %, (0) x5 (3) + %, (1) %, (4) + % (2) % (B)



=(2x0)+Bx0)+(4x0)=0 w
This shows that fork < -3, R,, (k) =0

2. R, (k) fork = - 2.

2
Y x;(n)xy(n+2)

n=0

x, (0) X, (2) + %, (1) X, (3) + X, (2) X, (4)
=(2x3)+(3x0)+(4x0)=6

3. Ry, (k) fork=-1.

We have Ry, (- 2)

: 2
We have Ry (=1) = Zoxl (n) xp (n+1)
n=

=(2x2)+(83x3)+(4x0)=13
4. Rl2 (k) fork = 0.

2
We have Ry, (0) = z X1 (n) x5 (n)
n=0

= x, (0) x5 (0) + X, (1) x5 (1) + %, (2) x5 (2)
=(2x1)+@B3x2)+@4x3)=20
5. Ry (k) fork = 1.

2
We have Ryg(1) = 2011(n)x2 (n-1)
n=

=%, (0) X, (=1) + X, (1) X, (0) + %, (2) x5 (1)
=2x0)+@Bx1)+@x2)=11
6. Ry, (k) for k = 2.

2
We have Ry (2) = nzoxl (n)xg (n-2)

= x; (0) %, (-2) + X, (1) X (1) + %, ()X, (0)
=2x0)+(B3x0)+(4x1)=4
7. Ry (k) for k = 3.

2
(n)xy (n-3)
R, @ = X %1%

=x; (0) x, (-3) + x, (1) x5 (<2) + %, (2) x, (1)
=(2x0)+B3x0)+(4x0)=0

The value of R, (k) =0 fork=3

Plot of R, (k).

Figure 7.22 shows the plot of R,, (k) with respect to k.
Ryz2(k)
20

13

11
T I4
—_— TH — K .
4 -3-2-1 0 1 2 3 4 = .

Flg. 7.22. Plot of R,, (k)

W
Rl (k) in the sequence form 1s as under:
' R]2 (k) = (6, 13, 20, 11, 4)

T







